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A general method for the minimization of a class of nondifferentiabie merit functions is presented. The merit '

functions are defined as the maximum absolute value of the components of a vector of functions. These merit
functions have gradient discontinuities in the design space and cannot be minimized by efficient algorithms of
mathematical programming. The technique consists of sequential minimizations of an appropriate family of
substitute merit functions, namely, the pth order norm of the vector. The efficiency of the technique is
illustrated by the design of continuous beams for optimum geometry and is shown to give good results. It is
further indicated that the method could be applied to general nonlinear inequality constrained mathematical
programming problems and a few encouraging numerical examples are presented.

Nomenciature
a; = cross section of truss member 7
= attenuation factor
=vector of components a;
=nonlinear function of X
= vector of components f;
= constraint j
= bending moment at location j
= vector of components ;
= generalized mean of order p
=norm of order p
=uniform or infinite norm
= tradeoff coefficient
" =search vector
= step size; parameter
=merit function
= design variable /
= vector of components x;
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1. Introduction

BASIC problem of mathematical programming is the

unconstrained minimization of a continuous nonlinear
merit function w(X) where X is an /-dimensional design
vector of components x;. However, for functions with
discontinuous first derivatives in the design space most of the
computationally efficient algorithms of the univariate type
are inadequate (Ref. 1, pp. 40-51). Optimization methods in
which the objective function is gradually reduced by suc-
cessive one-dimensional minimizations along specified
straight lines in the /-dimensional design space are called
univariate type algorithms. A large class of such functions are
those defined as the maximum component f;(X) of a J-
dimensional vector F(X)

w(X) =max[f, (X)] jeJ )
J

where the f;(X) are differentiable functions of X in' the
design space. In effect, the classical univariate type
algorithms generate at any given design stage X ¥’ a search
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vector S X along which a better design point X **+7 is sought
X+ = x (k) 4 p (k) § k)

where & is the iteration index and ¢ the step size. If we consider
a function of the type in Eq. (1) in a two-dimensional design
space (Fig. 1), we notice that the isocontours exhibit
discontinuities in the gradient at the passage lines between one
active component to another. Since all the design points
exterior to the isocontour (shaded region) correspond to
higher merit function values than the one on the contour, only
those search vectors inside the angle formed by two adjacent
isocomponent lines will have a descent direction. Failure to
generate such a vector will induce the algorithm to conclude
that it has reached a local minimum, This situation is fun-
damentally different from a differentiable merit function, for
which all search vectors exhibit a descent direction, except at
the minimum point.

This phenomenon of ‘‘jamming,’’ or premature ending of
the search at a gradient discontinuity, is even more critical
for problems with more than two variables. In this case the
descent directions are inside a hypercone and their number is
negligible when compared to all the other possible search
directions of the I-dimensional space. Thus, the discontinuity
lines behave as traps for the univariate algorithms. The

X2

fa= CONST

f, = CONST.

X

Fig. 1 Nondifferentiable merit function.
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present paper proposes a general method for solving this class
of problems by systematically minimizing one or more
substitute functions having continuous gradients, using
classical univariate algorithms. This technique, the Norm
Optimization Method (NOM), is shown to converge to the
minimum of the original function. The development of the
NOM was motivated by the many structural design for-
mulations in which functions of the type in Eq. (1) occur, as
will be emphasized in the following section.

The NOM is applied to the minimization of the maximum
moment of a continuous beam where the design variables are
the coordinates of a given set of simple supports and the
method is shown to give excellent results. ) '

In the last section it is indicated that the NOM could be used
to solve general nonlinear optimization problems with
inequality constraints. This is done by defining a merit
function of the type in Eq. (1) whose minimum is identical to
the minimum of the original constrained function. When used
in this context, the method bears resemblance to typical ex-
terior penalty functions of the SUMT,? although it differs in
its intrinsic characteristics and solution method. As such, it
suffers from the typical shortcoming of all the penalty func-
tion methods, that is, the proper a priori evaluation of some
“tradeoff”’ coefficient between the constraints and the ob-
jective function. The method is tested on some simple
classical inequality constrained structural optimization
examples and is-shown to give encouraging results. It should
be noted that the NOM is a general mathematical
programming technique that transforms optimization
problems with nondifferentiable functions into equivalent
problems involving differentiable functions. The iterative
technique to yield the minimum will still require a substantial
amount of function and constraint evaluations. It is therefore
understood that if the NOM is to be applied to practical

- structural synthesis problems it will probably be used in
conjunction with suitable approximate analysis techniques.’

The question of which analysis technique to use is,
however, not central to the present paper, since our purpose is
primarily to provide a means of overcoming the difficulties
caused by gradient discontinuities.

II. Gradient Discontinuities in Structura! Design

The structural design motivation underlying the
development of the NOM arese during the study of con-
tinuous beams of optimum geometry. A continuous beam is a
typical example of a structure composed of two distinct types
of load-carrying components: a flexible bending member (the
actual beam}, and a series of rigid load-carrying components
(the supports). The ““beam’’ is determined by cross-sectional
variables, whereas the support locations are given by
geometric design variables. We assume that ‘the beam is of
uniform cross-sectional and material properties. Since the
beam cross section is determined mainly by the value of the
largest bending moment, in absolute value, the design
problem is to minimize

mgx{ Im(X,s)1} ' SES 2)

where s is the beam coordinate, S the beam span, X an J-
dimensional gometry design vector of components Xx;
{location of support i), and m (X,s) the bending moment at s.
if the beam is subjected to a series of concentrated forces, the
maximum moment can occur either at a support location or
under an applied load. The design problem is thus to minimize

max{ Im; (X) |} JjeJ (3)

where j identifies the supports and the applied loads and the
m; are the bending moments at the applied loads and at the
support locations. This objective function, which is of the
type in Eq. (1), has gradient discontinuities, as can be seen in
the following one-dimensional design problem.
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Fig.2 Example of attenuation of gradient discontinuities.

A simply supported beam is subjected to- three con-
centrated forces of equal magnitude at 0.3, 0.7, and 0.9 of the
span (Fig. 2). It is required to locate an additional simple
support in order to minimize the maximum bending moment
anywhere on the beam. Let the m; (je4) be the bending
moments at the applied forces and at the intermediate sup-
port. The problem is thus to minimize the objective function

max { |m; (x) 1] je4
J

where x is the coordinate of the intermediate support. The
merit function (heavy line in Fig. 2) is composed of dif-
ferentiable branches, each corresponding to a controlling
bending moment in a specific design domain. Slope
discontinuities occur at the passages m,—m, —m,—m,....
Similar gradient discontinuities appear in a multidimensional
design problem at the passages from one active bending
moment domain to an adjacent domain. As was shown in Sec.
[, these gradient discontinuity lines can cause premature
ending of classical univariate search algorithms due to a
jamming phenomenon.

It is instructive to note that functions of the type in Eq. (1)
appear in almost every structural optimization problem as
behavioral constraints. In effect, optimum design of struc-
tures represented as an assemblage of discrete elements for
which one stress is sufficient to describe the behavior of each
element, such as axial force members or shear panels, present
stress constraints of the type

o (X) <95; 1G]

where ¢, and &, are, respectively, the stress and allowable
stress in element /. If the structure is subjected to a parametric
loading P(r), where P is a loading vector and 7 a parameter
defined over a given interval 7, the stress constraint (4)
becomes a parametric constraint

o, (X, 1) =5 teT (5)
If the structure is subjected to a discrete number J of loadings,
the stress constraint can be considered as a ‘discrete

parametric’’ constraint

o, (X) =<6, jeJ (6
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where g; is the stress in element / due to the Jth loading
condition. The continuous set of constraints- (5) can be
replaced by a single constraint

max{ai(X,t)}St'I,- teT . (7)

and the discrete set of constraints (6) can be replaced by the
single constraint

max{o; (X)) =6, jeJ - (8
J

Transformation (7) was used in the optimization of an aircraft
wing using a continuous flutter constraint.* The reduction of
a set of stress constraints of a given element for various
loading conditions to a single constraint is penalized by the
fact that constraint (8) has discontinuous gradients in the
design space even if the set of constraints (6) is differentiable.
The obvious reason for this is that the left-hand side of
inequality (8) is an expression of the type in Eq.(1).

The NOM which was initially developed to deal with ob-
jective functions of Eq. (1) can also be generalized to deal
with nondifferentiable constraints as in Eq. (8).

III. Normof a Vector

We will recall in this section some properties of the norm of
a vector’ upon which the NOM is based. Wc¢ have chosen to
restate them because these aspects of the norm have not, to
our knowledge, been used in structural optimization,

Uniform Norm

The p norm (norm of order p) of a J-dimensional vector X
is given by

Nyo=(Tui)” p=r e ©
7

where x; are the components of the vector X. Note that for
p =2 we obtain the classical or Euclidean norm. The uniform
norm, also called maximum norm, is defined by
N (X)=lm N, (X)
p—®
and it is easy to show that

N (X) =max[ix;1] 10)
J

Jensen’s Inequality

Aninequality attributed to Jensen® formalizes the property
that the norm is a monotone decreasing function of its order

N(X)<N,(X) for Isp<s (i
unless all but one x; are zero. The importance of this
inequality is that it holds also in the limit as s—e0. Thus, Eq.
(11) may be written as
N, (X) =max [ Ix;1]<N, (X) (12)
i

that is, any p norm is an upper bound of the uniform norm,

Generalized Mean

The ordinary mean of order p of an n-dimensional vector X
of components lx;1 is given by

.1 1/p
M, (X)= (— Ix, p)
P (=5 Lyl
As in the case of the norm we define‘

M, (X)=lm M,(X)
p—oo
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and we also have

M. (X) =N, (X)=max] lx;]
J

The equivalent of Jensen’s inequality for the norm is in the
case of the mean
M, (X)<M,(X) for p<s
and ~ R
M, (X) <M, (X)=N,(X) - (13)
or any p mean of a vector X is a lower bound of the uniform
norm of the corresponding vector X,

Upper and Lower Bounds
Combining inequalities (12) and (13) we obtain

I\
()<
“\n

Fig. 3 gives the variation of the ratio N, /N, as a function of
the order p of the norm and the dimension n of the vector. It
shows how the uniform norm is bounded from above by a p-
norm and from below by a p-mean.

No (X)

oo < (14)

I1V. Minimum of Uniform Norm

Let f;(X) be the components of a J-dimensional vector
function F{X). We will assume that the components f; are
nonnegative and differentiable functions of X. It is required
to determine the solution vector X=X! such that the
maximum component of F is minimum, Mathematically the
problem is stated as follows:

Find X = X%, such that N [F{X)]—minimum (15)

This merit function has gradient discontinuities along:the
boundaries of active component zones. The proposed method
consists of minimizing N, (F) instead of N, (F). The sub-
stitute problem is now

Find X = X} such that N, [F(X)]—minimum (16)

Since N, is an upper bound of N, X} is only an ap-
proximation of the solution vector X%, of the original problem
(15). But as the upper bound N, tends to' N, as p is increased
[Eq. (10)], the solution X, will also tend to XJ%. The ad-
vantage of solving problem (16) in place of problem (15) is
obvious. Since the components f; are differentiable functions
of X, it is clear from the definition of the norm [Eq. (9)] that
N, (F) is also a differentiable function of X. Problem (16)
can therefore be solved by an univariate type algorithm. Often
approximation (16) is acceptable, but it can be improved, if
necessary, by minimizing subsequently higher order norms

1 \/P)
(ﬁ)l.c =l

08} 2

oslk
(%)"p< No/Np <i
04k n. % OF COMPONENTS OF VECTOR
" p.ORDER OF NORM
0.2

i i i 1. {

[ 5 el 5 20
P

Fig. 3 Ratio N, /N, as a function of the order p and the dimension
n.
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Fig.4 Logical flow
chart of the NOM.

-

Fig.5 Typical nondifferentiable merit function (Ref. 1, p. 41).

(similar to SUMT). We have found it good practice to

- minimize sequentially the series N,, N,, Ny, Ny,..., where
the solution of one iteration is used as the initial design of the
next iteration (Fig. 4). The procedure is continued until
convergence. The accuracy of the result can always be checked
using Eq. (14). The concept of the NOM is best visualized by
the following simple examples.

As an introductory case which emphasizes the power of the
NOM, let us consider the problem given in Ref. 1 (p. 41) as
typically ill-conditioned due to gradient discontinuities.
Minimize N_ (F), where F(x,,x;) is a two-dimensional
vector of components f, = (x; — 1)? and f, =x} +4(x, — 1)?.
The minimum is N, =0.25 for x}=0.5 and x3=1.0 (Fig. 5).
In this particular case we know that the design X7 that
minimizes N, (F) is already identical to the design X% that
minimizes N, (F). The solution can be obtained closed form
by solving the equations a4N,/dx;=0N,;/dx,=0, which
reduce to a system of two linear equations in x,; and x,.

The sequential minimizations of NV, for increasing values of
the order p are illustrated in the two following problems.

One Dimensional Case

Consider the minimization of the function N (F) where F
is a two-dimernsional vector of components: f,=x and
f>=2(1~x), the minimum of which is at the gradient
discontinuity point x=2/3. Such a problem is to be solved by
linear programming, but it is instructive to see how it can be
transformed into the minimization of N,. In Fig. 6 we show
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how the broken line N, (x) is approximated by smooth
curves IV, (x) for values of p varying between I and 20. One
has to bear in mind that we seek mainly the value x% which
minimizes N, and we thus have to compare the minima x; of
the norms N,, with the final solution xZ,. As can be expected,
the error e, = Ix% —x; | between the original problem N, and
the transformed problem N, tends to zero as p increases. One
is inclined to pick higher values of p in order to reduce ¢,. The
penalty in doing so is that the functions &V, become more and
more difficult to optimize as p is increased, since they ap-
proach the ill-conditioned function N,,. There is therefore a
tradeoff to be performed between low order norms (easy to
optimize but for which e, can still be substantial) and higher
order norms (more difficult to optimize but small e, }.

Two Dimensional Case

Minimize N, (F) where F is a two-dimensional vector of
components f; =x3 +x3, f>=(x, —1)? +x3. The isocontours
of the function N_ are formed by two circular arcs that in-
tersect along the line x; =0.5 (Fig. 7). Because of symmetry,
any norm N, will have its minimum at X*. The example is
nevertheless instructive, for it shows how the two-dimensional
broken isocontours of N, are approximated by the smooth
isocontours of N,. The advantage of replacing N, by N, or
N in order to be optimized by univariate algorithms is self-
evident, Here again we note that N,,, for instance, coincides
with N, except for the sharp corners about x;, =0.5. We have
experienced this feature in all the problems solved and as a
rule it was never necessary to go beyond N;,.

V. Nondifferentiable Components
We have seen previously that if the components of the
vector function F are differentiable functions of X, then
N, (F) is also differentiable. It may occur, however, that
some components have discontinuous gradients in the design
space, and it is instructive to see how this affects the method.
The derivative of N, (F) with respect to variable x; is

N, fj )p—lvafj . .
— = = — i€l jeJ 17
ox; 2; (Np ax; el e {an
Equation (17) can be rewritten
aN, of,
— = a,; — iel, jeJ 18
ax; ;  ox; I 18)

where a,, is an attenuation factor

£ .y

a,= L’)" <I, p>I

pi ( N, p

If some partial derivative 3f;/0x; has a finite discontinuity in
the design space, its influence on the derivative of the norm is
attenuated by the coefficient a,;, that is, the partial derivative
IN,/dx; is “‘less’’ discontinuous. If the discontinuity occurs
in a noncritical component (f; <fmax) it vanishes for the
norm N, as p i$ increased, since a,,; tends to zero as p—oe. In
two instances only does the attenuation factor not reduce the
norm derivative discontinuity:

1) The discontinuity occurs in the governing component
and at the minimum of N, . In this case a,, tends to one as p is
increased. But such a coincidence is not to be expected very
often in practical problems.

2} p=1: In this case a,;=1 and, as a rule, N, has to be
avoided when nondifferentiable components are present.

The beneficial influence of the attenuation factor a,, is
visualized in the beam problem of Fig. 2. We have shown the
norms N, (M), p=2,3,10, and o, as a function of the design
variable x. M is the vector of components m; which are the
moments at the applied leads (= 1,2,3) and the moment at the
design support (j=4). We notice that the component m,
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Fig. 6 Approximation of N, by N, na
one-dimensional example.

norm N, (M) is minimized sequentially, starting with the
order p=2. The solution vector of this minimization is used as
the initial design for the optimization of N,, and so on for the
norm sequence given in Fig. 4 with R=2.7

We note that, for the specific case of the maximum moment
the major improvement is obtained by the
minimization of N,, while only minor decreases are achieved
when using higher order norms.

Consider a simply supported beam of uniform cross section
and material properties.. The locations of two additional
simple supports are given by the components x, and x, of the
geometry design vector X, The dimensions of the beam cross
section are governed mainly by the value of the largest
bending moment (in absolute value) at all stations, and the
optimization problem can be stated as:

Find X=X% such that N [M(X)]~minimum

subjectto 0<x, <x,<]/

fzx
fa=20-x)
N N *
il ~m——- LOCUS OF Xp
05 i |
0.2 04 086 08 1.0 «
Xz
Lot~
.~ ’/Nzo
fi=x2+x3
f70x- 0253
problem,
o5k
Two Design Supports
00~
—osk
1.0
4” \\\
-tob i 1 :
00 05 1.0

X

Fig.7 Approximation of N, by IV, in a two-dimensional example.

(dashed line) has slope discontinuities at x=0.3 and x=0.7
(locations of the first two forces). These discontinuities are
already reduced substantially for the norm N, and have
almost disappeared from the norm N;. On the other hand the
slope discontinuities of N, which are due to the passage from
one active component to another do not appear in the norms
of finite order for the reasons that were previously outlined.

V1. - Continuous Beams of Optimam Geometry

A few examples will illustrate the use of the NOM as ap-
plied to minimization of the maximum moment of a con-
. tinuous beam where the variables are the coordinates of a
preselected set of simple supports. The loading is defined by
concentrated forces, and the support locations are the design
variables. The maximum moment occurs either at a design
support or at an external load location. The procedure
consists in generating a moment vector M whose components
are the moments at the supports and at the external loads. The

where M is a 5-component vector containing the bending.
moments at the design supports and at the applied loads (Fig.
8). The inequality constraints are introduced :in order to
eliminate multiple, ' structurally identical minima. The
isocontours of N, are given in Fig. 9. The feasible domain is
partitioned into regions in which a specific component of M is
active. The optimum design is the point where m;, m,, and .
m, are simultaneously critical. Along the boundaries of the
active zones the isocontours present sharp gradient discon-
tinuities. Passages 1-3 and 2-5 are especially vulnerable, since
along them most of the search directions are ascent (shaded
area). The minimization technique is a regular conjugate-
direction algorithm in conjunction with a quadratic in-
terpolation for the univariate search. Starting from the initial
design (x; =0.7, x,=0.9, N, =0.193), the iterations ter-
minated at a discontinuity line (x; =0.478, x,=0.897,
N, =0.078) since the algorithm did not generate a search
vector outside the-shaded region. With the use of the NOM
the optimum was obtained by minimizing N, (M) instead of
the original function (x7=0.315, x3=0.685, N3;=0.083,
N?* =0.046). In this particular case the design was not im-
proved by subsequent minimization of higher order norms.
As was previously indicated, this type of problem has
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Fig. 8 Design of a continuous beam.

discontinuous component derivatives. The minimization of
N, (M) was stopped even earlier than N, due to a gradient
discontinuity of a noncritical component of M.

Three-Design Supports

The beam geometry is defined by two end supports and
three intermediate design supports whose coordinates are the
components x;, X,, and x; of the design vector X, Two dif-
ferent loadings are considered: four equidistant forces of
equal magnitude (Fig. 10), and four equidistant forces of
linearily varying magnitude (Fig. 11). The successive objective
functions NV, (M), where the m; are the bending moments at
the applied loads and at the moving supports (J=7), were
minimized by a conjugate-directions-type algorithm. As will
be noticed, the minimization of N, reduces the maximum
moment almost to its optimum value, while only minor
decreases result from subsequent minimizations of higher
order norms. For comparison we give the value of the ‘““end
value’ of N, when this function was minimized from the
same initial design point using the same algorithm. The direct
minimization of /N, gave a nonoptimum result, since the
program was jammed at a gradient discontinuity line.
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ViI. NOM in Constrained Optimization
In this section we indicate a procedure by which the NOM
can be used to solve the general nonlinear optimization
problem with inequality constraints

minimize w{X)
subjectto g, (X) <0 jeJ (19)

where X is a vector whose components are the design variables
X; (iel). The method has been tested on some simple struc-
tural optimization problems and has given interesting
although not conclusive results. It is nevertheless of interest to
preseni the method even in the early stage of its development,

The basic approach in the use of the NOM in constrained
optimization is to replace the original problem (19) by a
transformed problem

minimize N [F(X)] (20)

where F(X) is some vector function. This transformed
problem is then solved by the NOM., Obviously, the success of
the method depends on the judicious choice of the functions
F(X) such that N, (F) and problem (19) have the same
minimum.

Consider, for instance, the simple case

minimize w{x)=x?

subjectto  g(x)=I—-x<0 2n

the solution of which is x=1 (Fig. 12a). In Fig. 12b we show
the merit function w and a series of curves

hix,ry=w(x)+rg(x)y r>0

INITY
N AL
Fig, 9 Design space of maximum
moment probiem.
04 X > }
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3
2
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2
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04 06 08 10
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Fig. 10 Uniform loading; convergence of the NOM.
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Fig. 11 Triangular loading; convergence of the NOM.

We notice that, starting from »=3 and onwards, the function
N, (F), where F'is a vector of components

fi=h(x,ry and f,=w(x)

has the same minimum as problem (21). If we chose to
minimize N, for r=3 we obtain the function shown in Fig.
12c and its successive approximations N,, Ny, Ny, ....

In the general case one generates (J + 1)-dimensional vector
Fof components

LX) ={w(X) +rg; (X)) Jed

Frer(X)=w(X) ‘ @2)

where
{ ) isthe bracket operator
(ay=afora=0
{ay=0fora<?.

It is assumed that w (X)) is positive in the feasible domain.
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t’ig. 12 The NOM in nonlinear constrained optimization.

A correct choice of the coefficient r is naturally of cardinal
importance, as can be seen in Table 1. If r is taken too small
(case 1 of Table 1) the two problems (20) and (21) do not have
the same solution. Moreover, the minimum of N, lies in the
nonfeasible region. This would correspond to a value r =1 for
the example of Fig. 12. For increasing values of r (case 2) the
minima of problems (20) and (21) coincide but the in-
termediate minima of lower order norms N, are nonfeasible,
so that the iterations cannot be interrupted at an early stage
for significant results. This corresponds to a value r=3 of
Fig. 12 for which the minima of N,, N,, and N, are in the
nonfeasible region x< 1. In this case the norm behaves as an
exterior penalty function. Still higher values of r (case 3)
would give “‘correct”” estimates such that the successive
minima of N, are feasible and the process can be interrupted
at will. This is similar to an interior penalty function ap-
proach. On the other hand, if r is too large (case 4), the
functions N, may become ill-conditioned, requiring a
prohibitive number of function evaluations to yield  their
minima.

It should be noted that the use of the NOM for a con-
strained optimization problem bears some similarity to the
well-known penalty function approach.? With the NOM one
optimizes sequentially a series of functions

NP (X,p,r) =wo (X) + T (w(X) +rg, (X))*
7 ;

as compared to a typical exterior penalty function (Ref. 1, p.
127). v

P(X,r,p)=w(X) +1),(g (X))?
J

Table 1 Characteristic values of r
Case r Diagnosis -
1 Too smali N% in nonfeasible region
2 Small N in nonfeasible region
3 Correct N in feasible region
4 Too large N, ill-conditioned
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Fig. 13 Three-bar truss minimization by the NOM.

Except for the definition of the penalty term, the main dif-
ference between the NOM and the classical penalty function
method is that in the former the coefficient r is constant and
the value of the exponent p is sequentially increased, whereas
in the latter the value of the coefficient r is increased, the
exponent p being kept constant.

As such, the NOM is subjected to the basic difficulty
common to all penalty function methods, that is, the correct
estimate of the tradeoff coefficient r. Further investigations
are therefore required if the NOM is to become competitive
with established methods of constrained optimization.

It has become a tradition in structural optimization to test a
new method of mathematical programming on the three-bar
truss.® A symmetric truss of given material properties is
subjected to two symmetric loading conditions (Fig. 13). The
design variables are the cross sections of the exterior members
a, and the cross section of the interior member a,. The
problem is

Find A =A4* suchthat w(A) —minimum
subjectto o,<0;,<0, i=123
a;20 j=12 23)

where w is the volume of the truss, 4 the design vector of
components ¢; and a,, o, the stress in member /, and ¢, and o,
the compressive and tensile allowable stresses of the material.
The numerical constants are P=20 kips, #=100 in., o,=
—~15 ksi and o,=20 ksi. The stress inequalities were
multiplied by the factor 1.0 E-4 in order for all the constraints
to be of the same order of magnitude. Problem (23) is
replaced by problem (20) and Eq. (22) for r=4. In Fig. 13 we
show the locations of the minimum of N,, N,, and N,. The
minimization of N, was performed from four different initial
designs, two feasible points (B and C) and two nonfeasible
points (D and E). The number of function evaluations
required to reach A} appears on the arrow. This relatively
large number of function evaluations is probably to be at-
tributed to poor termination criteria’ of the unconstrained
minimization routine which was used. It is instructive to
notice that the initial design does not have to be feasible, and
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Fig. 14 Convergence of three-bar truss problem.

that the first iteration already generates a feasible in-
termediate solution. The following iteration minimizes N,
starting from 43 and yields the next approximation 4j. Fig.
14 gives the convergence to the final solution due to the
successive minimizations, and detailed results are shown in
Table 2. It should be remembered that the minimization is
performed on N, and the decrease of the volume is only an
additional result of the routine. For instance, at p =4, N, was
reduced from 3.16 to 3.10, which did result in a volume
reduction from 2.97 to 2.80. For ail practical purposes, the
minimum volume w=2,64 was -obtained after the
minimization of Nj,, !

An alternative classical problem of structural synthesis is
the design for minimum volume of a two-bar truss under
stress and Euler buckling constraints.! The design variables
are the mean diameter d of the tubular cross sections and the
height A of the structure. In Fig. 15 we compare the con-
vergence of the exterior penalty function method used in Ref.
1 with a solution obtained using the NOM approach. The
numerical constants are: Young’s modulus £=3.0 E4 ksi,
maximum allowable compressive stress ¢, =100 ksi, tube
thickness ¢+=0.1 in., #=30 in., and F=33 kips. The initial
design is d=6 in. and A =30 in. As a preparatory step, the
constraints are multiplied by a scaling factor such that the
g; (X)) are of the order of the initial volume of the truss.

In this case we took =10 and the NOM iterations were all
within the feasible region, as compared to the penalty furic-
tion results which converged to the minimum through the
nonfeasible domain,

These two examples illustrating an extension of the NOM
are obviously not sufficient to be conclusive. Nevertheless

Table2 'Three-bar truss; numerical results

k=4 Initial " Final

a; a, w a; a, w N,

P
2 1.000 1.000 3.83 0.821 0.650 2.97 3.68
4 0.821 - 0.650 297 0.819 0479 2.80 3.10
8 0.819 0.479 2.80 0.811 0421 272 286
16 0.811  0.421 272 0.799 0417 268 2.74
32 0.799 0417 268 0.793 0416 264 2.69
64 0.793 0416 264 0.790 0413 264 2.67
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Fig. 15 Comparison of the NOM with an exterior penalty function.

they indicate "a possible additional use of the NOM in
nonlinear constrained optimization problems. When applied
to practical structural optimization problems it will naturally
have to be used in conjunction with approximate analysis
techniques,’® since the algorithms that minimize N, still
require a prohibitive number of function and constraints
evaluations.

VII. Conclusions
We have presented the NOM as a general technique to
minimize unconstrained merit functions that have gradient
discontinuities in the design space of the type N_ (F). We
have also shown how the NOM can be used to solve general
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optimization problems with inequality constraints. In this
case, the method bears resemblance to the exterior penalty
function method, but it differs mainly by the way the trans-
formed functions are varied at every iteration step.

For the solution of the first class of problems the NOM was
shown to be very powerful, and, in fact, circumvents the
difficulties presented by gradient discontinuities. As for the
second class of problems, it is, in our opinion, too early to
give the method an absolute rating or a decisive appraisal
when compared to the other available transformation
methods. However, for the constrained problems that were
solved, it gave highly satisfactory results,

Future investigations should concenfrate on methods to
define proper weighting factors » and also on the use of the
NOM in conjunction with appproximate analysis techniques

for structural synthesis problems.
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